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RATIONALITY OF THE EXCEPTIONAL W-ALGEBRAS Wk(sp4, fsubreg)
ASSOCIATED WITH SUBREGULAR NILPOTENT ELEMENTS OF sp
4
JUSTINE FASQUEL
Abstract. We prove the rationality of the exceptional W-algebras Wk(g, f)
associated with the simple Lie algebra g = sp4 and a subregular nilpotent
element f = fsubreg of sp4, proving a new particular case of a conjecture of
Kac-Wakimoto.
1. Introduction
Let g be a finite dimensional simple Lie algebra, f a nilpotent element of g
and k ∈ C a complex number. The universal affine W-algebra Wk(g, f) associ-
ated with (g, f) is a certain vertex algebra obtained from the quantized Drinfeld-
Sokolov reduction of the universal affine vertex algebra V k(g). The W-algebras
can be regarded as affinizations of finite W-algebras (introduced by Premet [32]),
and can also be considered as generalizations of affine vertex algebras and Virasoro
vertex algebras. The construction of W-algebras was firstly introduced by Feigin
and Frenkel [19] for f a principal nilpotent element, and was extended for general
nilpotent elements by Kac, Roan and Wakimoto [26]. The theory of W-algebras
is related with integrable systems [24], the two-dimensional conformal field theory,
the geometric Langlands program [23, 20, 10], and the 4d/2d duality [8, 12, 13, 33]
in physics.
The nicest (conformal) vertex algebras are those which are both rational and
lisse. The rationality means the completely reducibility of Z>0-graded modules.
The lisse condition is equivalent to the fact that the associated variety has dimen-
sion 0. If a vertex algebra V is rational and lisse, then it gives rise to a rational
conformal field theory. The rationality condition implies that V has finitely many
simple Z>0-graded modules and that the graded components of each of these Z>0-
graded modules are finite dimensional [17]. In fact lisse vertex algebras also verify
this property [1, 31, 36]. It is actually conjectured by Zhu [36] that rational vertex
algebras must be lisse (this conjecture is still open).
It is known [22] that the simple quotient Lk(g) of V
k(g) is rational (and lisse) if
and only if it is integrable as a representation of ĝ, that is, k ∈ Z>0, where ĝ is the
affine Kac-Moody algebra associated with g. It is also known [35] that the simple
quotient Virc of the Virasoro vertex algebra Vir
c is rational (and lisse) if and only
if c = c(p, q), where
c(p, q) = 1−
6(p− q)2
pq
, p, q > 1, (p, q) = 1.
More difficult is the study of the rationality of the simple quotient Wk(g, f) of
Wk(g, f).
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It was conjectured by Frenkel, Kac and Wakimoto [21], and proved by Arakawa
[7], that if k = −h∨+ p/q ∈ Q is non-degenerate admissible1 for g and if f = fprinc
is a principal nilpotent element, then Wk(g, fprinc) is rational. Here, h
∨ is the
dual Coxeter number of g. More generally, Kac and Wakimoto [29] conjectured
that Wk(g, f) is rational whenever k = −h
∨ + p/q is admissible and (f, q) is an
exceptional pair [29].
It was shown by Arakawa [6] that, for k = −h∨ + p/q an admissible level, the
associated variety of the simple affine vertex algebra Lk(g) is precisely the closure of
some nilpotent orbit Oq which only depends on the denominator q. It is also proved
in [6] that if f ∈ Oq then Wk(g, f) is lisse. Following [9], we extend the notion of
exceptional pair and say that the pair (f, q) is exceptional2 if f ∈ Oq, with q ∈ Z,
q > 1. Thus, for k = −h∨ + p/q an admissible level, the pair (f, q) is exceptional
only ifWk(g, f) is lisse. It was conjectured in [6] thatWk(g, f) is rational whenever
k is admissible and (f, q) is an exceptional pair, now in the broader sense.
Arakawa and van Ekeren recently gave strong evidences of this conjecture by
showing that the exceptional W-algebra Wk(g, f) is rational for a large class of
exceptional pairs (f, q). In particular, they proved the conjecture for exceptional
W-algebras in type A (where all notions of exceptional pairs coincide) and for
exceptionalW-algebras associated with a subregular nilpotent element f when g is
simply-laced. A particular case of this result was previously established by Arakawa
[5] using different methods for the Bershadsky-Polyakov vertex algebra, that is, the
simple W-algebra associated with sl3 (type A2) and f subregular (in this case, f is
also a minimal nilpotent element of sl3).
In this article, we prove the rationality of the exceptional W-algebra Wk(g, f)
associated with g = sp4
∼= so5 (type C2 = B2) and f = fsubreg a subregular
nilpotent element of g. Note that the subregular nilpotent orbit Osubreg of sp4 is
associated with the partition (22) of 4 and that fsubreg is of Levi type which means
that f is a principal nilpotent element in a Levi subalgebra of sp4 containing it
(see Remark 5.1). It follows from [6] that Oq = Osubreg if and only if q = 3 or
q = 4. The level k is admissible for sp4 with denominator q = 3 or q = 4 if either
k = −3+ p/3 with (p, 3) = 1 and p > 3, or k = −3+ p/4 with (p, 2) = 1 and p > 4.
Specifically, our main result is the following, proving a conjecture of Kac-Wakimoto
and Arakawa for g = sp4 and f = fsubreg.
Main Theorem 1. Let f = fsubreg be a subregular nilpotent element of g = sp4.
Then the exceptional W-algebra W−3+p/3(g, f), with (p, 3) = 1, p > 3, and the
exceptional W-algebra W−3+p/4(g, f), with (p, 2) = 1, p > 4, are rational (and
lisse). Moreover, we have a complete classification of their simple modules.
The W-algebras of the main theorem can be viewed as the “easiest” exceptional
W-algebras which are not covered by Arakawa and van Ekeren works. It is also
a natural analog to the Bershadsky-Polyakov vertex algebra for the type C2. In
fact, the W-algebra W−3+p/2(sp4, fmin), with (p, 2) = 1 and p > 4, associated
with g = sp4 and f = fmin a minimal nilpotent element of sp4 is also a natural
analog. The latter is a bit more difficult to study than the one of our main theorem
because of the number of its generators, but we also plan to study its rationality.
1The level k is admissible if Lk(g) is admissible as a representation of ĝ, cf. Sect. 3 for a precise
definition. It is non-degenerate if the associated variety of Lk(g) is the whole nilpotent cone of g.
2The notion of exceptional pair coincides with [18] if f is of Levi type, and with [29] if moreover
(q, r∨) = 1, where r∨ is the lacity of g.
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More generally, we plan to study the rationality of the exceptional minimal W-
algebra W−h∨+p/2(spn, fmin), n > 4, with h
∨ = n/2 + 1. Note that the closure
of the minimal nilpotent orbit of spn, for any n > 4, appears as associated variety
of simple admissible affine vertex algebras Lk(spn), while it does not for son for
n > 7.
We now say a few words about the proof. Contrary to the minimal W-algebras,
operator product expansions (OPE) are not known for an arbitraryW-algebra. Our
first step is to compute explicit generators of Wk(sp4, fsubreg), k ∈ C, and OPEs
between them. We refer to Sect. 4 for general facts aboutWk(g, f), for f even3, and
to Sect. 5 for the computation of OPEs in the case where g = sp4 and f = fsubreg.
Next, following ideas of [5], we use the twist action introduced in [30] to obtain
a finite set of possible simple Wk(sp4, fsubreg)-modules, with k as in the theorem
(see Sect. 6). Unfortunately, contrary to the case where f = fmin is minimal, the
functor H0f (?) so thatW
k(g, f) = H0f (V
k(g)) is not exact for an arbitrary nilpotent
element f . So we cannot use directly the methods of [5] to conclude that our set
is exactly the set of simple Wk(sp4, fsubreg)-modules, with k as in the theorem. To
encounter the difficulty, we exploit technics of [9] to show that all elements of our
set are simple Wk(sp4, fsubreg)-modules, and that there is no nontrivial extensions
between them (see Sect. 7).
Some standard facts on vertex algebras are summarized in Sect. 2, and the main
notation on affine Kac-Moody algebras and corresponding affine vertex algebras
can be found in Sect. 3.
As a by-product of our proof, we obtain an explicit description of the irreducible
Wk(sp4, fsubreg)-modules. One can use this to compute the characters of the mod-
ules and thus the fusion rules corresponding to the simple W-algebra. We hope to
go back to this topic in a future work.
Acknowledgments. The author is very grateful to her thesis advisors Anne Moreau
and Tomoyuki Arakawa for suggesting the problem and for useful conversations and
comments. She also thanks the members of the W-algebra working group of the
University of Lille.
The author acknowledges support from the Labex CEMPI (ANR-11-LABX-
0007-01).
2. Vertex algebras
A vertex algebra is a complex vector space V equipped with a distinguished
vector |0〉 ∈ V and a linear map
V ! (EndV )[[z, z−1]], a 7! a(z) =
∑
n∈Z
a(n)z
−n−1
satisfying the following axioms:
• a(z)b ∈ V ((z)) for all a, b ∈ V ,
• (vacuum axiom) |0〉(z) = IdV and a(z)|0〉 = a+ zV [[z]] for all a ∈ V ,
• (locality axiom) (z − w)N [a(z), b(w)] = 0 for a sufficiently large N for all
a, b ∈ V .
3It means that the Dynkin grading associated with f is even.
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The normally ordered product of two fields a(z) =
∑
n∈Z a(n)z
−n−1 and b(z) =∑
n∈Z b(n)z
−n−1 of a vertex algebra V is defined by
: a(z)b(z) := a(z)+b(z) + b(z)a(z)−,
where a(z)+ :=
∑
n<0 a(n)z
−n−1 and a(z)− :=
∑
n>0 a(n)z
−n−1. The vertex alge-
bra V is said to be strongly generated [26] by a family of fields {ai(z)}i∈I if the
space of fields of V is spanned by normally ordered products of the fields {ai(z)}i∈I
and their derivatives. This means that, as a vector space, V is spanned by
ai1(−n1) . . . a
is
(−ns)
|0〉(1)
with s > 0, nr > 1 and ir ∈ I. The structure of V is completely determined by
the OPEs among the ai(z)’s, i ∈ I, or, equivalently, the Lie brackets in End(V )
among the air(n)’s. If V is strongly generated by the fields {a
i(z)}i∈I , we call the set
of monomials (1), where the sequence of pairs (i1, n1), . . . , (ir, nr) is decreasing in
the lexicographical order, a PBW basis of V .
A vertex algebra V is called conformal if there exists a vector ω called the
conformal vector such that L(z) =
∑
n∈Z Lnz
−n−2 := Y (ω, z) satisfies that
(a) [Lm, Ln] = (m − n)Lm+n +
m3−m
12 δm+n,0cV , where cV is some constant
called the central charge of V ,
(b) L0 acts semisimply on V ,
(c) L−1 = T on V , where T : V ! V , a 7! a(−2)|0〉 is the translation operator.
Here, δi,j stands for the Kronecker symbol. For a conformal vertex algebra V and a
V -module M , we set Md = {m ∈M : L0m = dm}. The L0-eivenvalue of a nonzero
L0-eigenvector m is called the conformal weight.
If V is conformal and a ∈ V is homogeneous of conformal weight ∆a, we set
an = a(n+∆a−1) so that
a(z) =
∑
n∈Z
anz
−n−∆a,(2)
which is more standard notation in physics.
Let M be a module over a conformal vertex algebra V of central charge c. The
module M is called a positive energy representation if L0 acts semisimply with
spectrum bounded below, that is,
M =
⊕
d∈χ+Z>0
Md,
with Mχ 6= 0. Let Mtop be the top degree component Mχ of M .
By Zhu’s theorem [36], the correspondenceM 7!Mtop gives a bijection between
the set of isomorphism classes of irreducible positive energy representations of V
and that of simple Zhu(V )-modules, where Zhu(V ) is the Zhu algebra of V (see, for
example, [11] for more detail).
With every vertex algebra V one associates a Poisson algebra RV , called the
Zhu C2-algebra, as follows ([36]). Let C2(V ) be the subspace of V spanned by the
elements a(−2)b, where a, b ∈ V , and set RV = V/C2(V ). Then RV is naturally a
Poisson algebra by
1 = |0〉, a¯.b¯ = a(−1)b and {a¯, b¯} = a(0)b,
where a¯ denotes the image of a ∈ V in the quotient RV .
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The associated variety [4] XV of a vertex algebra V is the affine Poisson variety
defined by
XV = SpecmRV .
A vertex algebra V called lisse if dimXV = 0.
3. Affine vertex algebras
Let g be a complex simple Lie algebra as in introduction. Let g = n−⊕ h⊕ n+
be a triangular decomposition with a Cartan subalgebra h, ∆ the root system of
(g, h), ∆+ a set of positive roots for ∆ and Π = {α1, . . . , αℓ} the corresponding set
of simple roots. Let θ be the highest positive root. We also have ∆∨ the set of
coroots. Let P be the weight lattice, Q the root lattice and Q∨ the coroot lattice.
Let g˜ = g[t, t−1] ⊕ CK ⊕CD be the extended affine Kac-Moody algebra, with
the commutation relations:
[xtm, ytn] = [x, y]tm+n +mδm+n,0(x|y)K, [D,xt
n] = −nxtn, [K, ĝ] = 0,
for all x, y ∈ g and all m,n ∈ Z, where ( | ) =
1
2h∨
× κg is the normalized
invariant inner product of g, κg is the Killing form of g and xt
n stands for x ⊗ tn,
for x ∈ g, n ∈ Z. Let g˜ = n̂−⊕ h˜⊕ n̂+ be the standard triangular decomposition,
that is, h˜ = h ⊕ CK ⊕CD is a Cartan subalgebra of g˜, n̂+ = n+ + tg[t] and
n̂− = n− + t
−1g[t−1].
Let ĝ = [g˜, g˜] = g[t, t−1]⊕CK, and let ĥ = h⊕CK ⊂ ĝ, so that ĝ = n̂−⊕ ĥ⊕ n̂+.
The Cartan subalgebra h˜ is equipped with a bilinear form extending that on h by
(K|D) = 1, (h|CK ⊕ CD) = (K|K) = (D|D) = 0.
We write δ and Λ0 for the elements of h˜
∗ orthogonal to h∗ and dual to K and D,
respectively. We have the (real) root systems
∆̂re = {α+ nδ | n ∈ Z, α ∈ ∆} = ∆̂re+ ⊔ (−∆̂
re
+ ),
∆̂re+ = {α+ nδ | α ∈ ∆+, n > 0} ⊔ {α+ nδ | α ∈ ∆+, n > 0},
and the affine Weyl group Ŵ , generated by reflections rα with α ∈ ∆̂
re. For α ∈ h∗
the translation tα : h˜
∗
! h˜∗ is defined by
tα(λ) = λ+ λ(K)α−
[
(α|λ) +
|α|2
2
λ(K)
]
δ.
For α ∈ Q∨ we have tα ∈ Ŵ and in fact Ŵ ∼=W ⋉ tQ∨ , where tQ∨ := {tα : α ∈ Q
∨}
and W is the Weyl group of g. The extended affine Weyl group, which is the group
of isometries of ∆̂, is W˜ =W ⋉ tP , where tP := {tα : α ∈ P}.
Let Ok be the category O of g˜ at level k ([25]). The simple objects of Ok are
the irreducible highest weight representations L(λ) for λ ∈ h˜∗ with λ(K) = k. For
a weight λ ∈ ĥ∗ the corresponding integral root system is
∆̂(λ) = {α ∈ ∆̂re | 〈λ, α∨〉 ∈ Z},
where α∨ = 2α/(α|α) as usual.
A weight λ ∈ ĥ∗ is said to be admissible (equivalently, we said that L(λ) is
admissible) if
• λ is regular dominant, that is, 〈λ+ ρˆ, α∨〉 /∈ Z60 for all α ∈ ∆̂
re
+ ,
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• Q∆̂re = Q∆̂(λ).
Here ρˆ = ρ + h∨Λ0, with ρ =
∑
α∈∆+
α/2. A complex number k is said to be
admissible if λ = kΛ0 is an admissible weight.
Proposition 3.1 ([27]). A complex number k is admissible if and only if it is of
the form
k = −h∨ +
p
q
,
with p, q ∈ Z>0, (p, q) = 1 and either p > h
∨ if (r∨, q) = 1, or p > h if (r∨, q) = r∨.
Here r∨ is the lacity of g, that is, r∨ = 1 if g has type Aℓ, Dℓ, E6, E7, E8, r
∨ = 2 if
g has type Bℓ, Cℓ, F4 and r
∨ = 3 if g has type G2.
For k an admissible number, let Prk be the set of weights λ ∈ h∗ such that
λ̂ = λ + kΛ0 is admissible and there exists y ∈ W˜ such that ∆̂(λ̂) = y(∆̂(kΛ0)).
The weights of Prk are said principal admissible if (r∨, q) = 1 and coprincipal
admissible if (r∨, q) = r∨.
3.1. Affine vertex algebras. Given any k ∈ C, let
V k(g) = U(ĝ)⊗U(g[t]⊕CK) Ck,
where Ck is the one-dimensional representation of g[t]⊕CK on which g[t] acts by
0 and K acts as a multiplication by the scalar k. There is a unique vertex algebra
structure on V k(g) such that |0〉 is the image of 1⊗ 1 in V k(g) and
x(z) := (x(−1)|0〉)(z) =
∑
n∈Z
(xtn)z−n−1
for all x ∈ g, where we regard g as a subspace of V through the embedding x ∈
g !֒ x(−1)|0〉 ∈ V
k(g). The vertex algebra V k(g) is called the universal affine
vertex algebra associated with g at level k.
The vertex algebra V k(g) is conformal by Sugawara construction provided that
k is non-critical, that is, k 6= −h∨, with central charge
cV k(g) =
k dim g
k + h∨
.
We write
Lg(z) =
∑
n∈Z
Lnz
−n−2 = Y (ωg, z),
where ωg is the Sugawara conformal vector.
A V k(g)-module is the same as a smooth ĝ-module of level k. For a non-critical
level k, we consider a V k(g)-module M as a g˜-module by letting D act as the
semisimplification of −L0. Let Lk(g) be the unique simple graded quotient of
V k(g). Then Lk(g) ∼= L(kΛ0) as a representation of ĝ.
For any graded quotient V of V k(g), we have RV = V/t
−2g[t−1]V . In particular,
RV k(g) ∼= C[g
∗] and, hence, XV k(g) = g
∗. Furthermore, XLk(g) is a subvariety
of g∗ ∼= g, which is G-invariant and conic with G the adjoint group of g. The
associated variety XLk(g) is difficult to compute in general. However, it is known
that XLk(g) = {0} if and only if Lk(g)
∼= L(kΛ0) is an integral representation of ĝ,
that is, k ∈ Z>0. Furthermore, we have the following result:
Proposition 3.2 ([6]). If k = −h∨ + p/q is an admissible level for g, then XLk(g)
is the closure of some nilpotent orbit Oq which only depends on q.
The nilpotent orbit Oq is explicitly described in [6, Tables 2–10].
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4. The BRST reduction and W-algebras
Let f be a nilpotent element of g that we embed into an sl2-triple (e, h, f) through
the Jacobson-Morosov theorem:
[h, e] = 2e, [h, f ] = −2f, [e, f ] = h.
The semisimple element x0 := h/2 induces an
1
2Z-gradation on g,
g =
⊕
j∈ 12Z
gj ,
where gj = {y ∈ g : [x0, y] = jy}. Set g>0 :=
⊕
j>0 gj and g>0 :=
⊕
j>0 gj. We
define similarly g60 and g<0. In this note, we assume that
gj = 0 for j 6∈ Z,
which is sufficient for our purpose. In other words, we assume that f is an even
nilpotent element (which is the case of subregular nilpotent elements of sp4). Choose
a basis {eα}α∈Sj of each gj . One can assume that each eα is a root vector provided
that j 6= 0, and that for j = 0 either eα is a root vector or eα belongs to the Cartan
subalgebra h. Set S = ⊔jSj , S+ = ⊔j>0Sj and let {e
α}α∈S+ be the dual basis in
g∗>0 to {eα}α∈S+ .
The Clifford affinization Ĉl(g>0) of g>0 is the Clifford algebra associated with
g>0[t, t
−1]⊕ g∗>0[t, t
−1] and the symmetric bilinear form defined by
〈xtm, ψtn〉 = δm+n,0ψ(x), 〈xt
m, ytn〉 = 〈ψtm, φtn〉 = 0,
for x, y ∈ g>0, ψ, φ ∈ g
∗
>0. We write ϕα,m for eαt
m ∈ Ĉl(g>0) and ϕ
α
m for e
αtm ∈
Ĉl(g>0), so that Ĉl(g>0) is the associative superalgebra with
• odd generators: ϕα,m, ϕ
α
n, m,n ∈ Z, α ∈ S+,
• relations: [ϕα,m, ϕβ,n] = [ϕ
α
m, ϕ
β
n] = 0, [ϕα,m, ϕ
β
n] = δα,βδm+n,0,
where the parity of ϕα,m and ϕ
α
n is reverse to eα. Since elements of g are purely
even, this means that ϕα,m and ϕ
α
n are odd.
Define the charged fermion Fock space associated with g>0 as
F(g>0) :=
Ĉl(g>0)∑
m>0
α∈S+
Ĉl(g>0)ϕα,m +
∑
k>1
α∈S+
Ĉl(g>0)ϕαk
∼=
∧(
ϕα,n
)
n<0
α∈S+
⊗
∧(
ϕαm
)
m60
α∈S+
,
where
∧
(ai)i∈I denotes the exterior algebra with generators ai, i ∈ I. It is an
irreducible Ĉl(g>0)-module, and as C-vector spaces we have
F(g>0) ∼=
∧
(g∗>0[t
−1])⊗
∧
(g>0[t
−1]t−1).
There is a unique vertex (super)algebra structure on F(g>0) such that the image
of 1 is the vacuum |0〉 and
Y (ϕα,−1|0〉, z) = ϕα(z) :=
∑
n∈Z
ϕα,nz
−n−1, α ∈ S+,
Y (ϕα0 |0〉, z) = ϕ
α(z) :=
∑
n∈Z
ϕαnz
−n, α ∈ S+.
We call this vertex algebra the free superfermion vertex algebra associated with
Ĉl(g>0).
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The following construction of the W-algebra associated with g and f is due to
Kac, Roan and Wakimoto [26, 28, 2] (see also [11] for a survey). Let k ∈ C and set
C (g, f, k) = V k(g)⊗F(g>0).
We now define a differential d(0) on C (g, f, k). The vertex algebra F(g>0) has the
charge decomposition:
F(g>0) =
⊕
m
Fm(g>0),
where chargeϕα(z) = −chargeϕ
α(z) = 1 for α ∈ S+. Letting chargeV
k(g) = 0,
this induces the charge decomposition:
C (g, f, k) =
⊕
m
Cm, Cm := Cm(g, f, k).
Following [26], we set
d(z) =
∑
α∈S+
: eα(z)ϕ
α(z) : −
1
2
∑
α,β,γ∈S+
cγα,βϕ
α(z)ϕβ(z)ϕγ(z) +
∑
α∈S+
(f |eα)ϕ
α(z),
where [eα, eβ ] =
∑
γ c
γ
α,βeγ . The field d(z) does not depend on the choice of the
basis. One has [d(z), d(w)] = 0 and therefore d2(0) = 0 since d(z) is odd. Moreover,
[d(0),Cm] ⊂ Cm−1. Thus (C (g, f, k), d(0)) is a Z-graded homology complex. The
zero-th homology of this complex is a vertex algebra, denoted by Wk(g, f):
Wk(g, f) := H0(C (g, f, k), d(0)),
that we briefly write
Wk(g, f) = H0f (V
k(g)).
This construction is a particular case of BRST reduction which is usually referred
to as the Drinfeld-Sokolov reduction of V k(g). The vertex algebraWk(g, f) is called
the (universal) W-algebra associated with g and f at the level k. Its simple graded
quotient will be denoted by Wk(g, f).
Provided that k 6= −h∨, define the conformal field by:
L(z) = Lg(z) +
d
dz
x(z) + Lch(z),
where
Lch(z) = −
∑
α∈S+
mα : ϕ
α∂ϕα : +
∑
α∈S+
(1−mα) : ∂ϕ
αϕα : .
Here mα is defined by letting mα = j is eα ∈ gj . The central charge ofW
k(g, f) is:
cWk(g,f) = dim g0 −
12
k + h∨
|ρ− (k + h∨)x|2.
It is known [15] that the associated variety of Wk(g, f) is the Slodowy slice
Sf := f + g
e, where ge is the centralizer of e in g. Moreover by [6], the associated
variety of H0f (Lk(g)) is XLk(g) ∩ Sf . Since Wk(g, f) is a quotient of H
0
f (Lk(g)),
provided thatH0f (Lk(g)) 6= 0, we deduce thatWk(g, f) is lisse wheneverXLk(g) = O
and f ∈ O, where O is some nilpotent orbit of g. Indeed, we have O∩Sf = {f} if
f ∈ O. In particular, we get the following result, useful for our purpose.
Proposition 4.1 ([6]). Assume that k = −h∨+p/q is admissible for g and pick f ∈
Oq, with Oq the associated variety of Lk(g) (cf. Proposition 3.2). Then Wk(g, f)
is lisse.
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4.1. Generating fields of Wk(g, f). Given a ∈ gj , introduce the following fields
of C (g, f, k) of conformal weight 1− j:
Ja(z) = a(z) +
∑
α,β∈S+
cαβ(a) : ϕα(z)ϕ
∗
β(z) :,
where cαβ(a) is defined by [a, eβ ] =
∑
α∈S c
β
α(a)eα. Those fields play an important
role in the structure of the W-algebra Wk(g, f).
Let gf be the centralizer of f in g, and set for j ∈ Z, gfj := g
f ∩ gj . By the
theory of sl2, we have
gf =
⊕
j60
g
f
j .(3)
Theorem 4.2 ([28, Theorem 4.1]). For each a ∈ gfj , j 6 0, there exists a field
J{a}(z) of Wk(g, f) of conformal weight 1− j with respect to L such that J{a}(z)−
Ja(z) is a linear combination of normally order products of the fields Jb(z), where
b ∈ g−s, 0 6 s < j and their derivatives.
Let {ai}i∈I be a basis of g
f compatible with the graduation (3). Then Wk(g, f)
is strongly generated by the fields {J{ai}}i∈I .
In practice, to construct J{a}(z) from Ja(z), with a ∈ gf , we write a linear
combination as in the theorem and try to find the coefficients so that the field
J{a}(z) is d(0)-closed.
5. Generators of Wk(sp4, f) and OPEs
From now on, g refers to the simple Lie algebra sp4 that we may realize as the set
of 4-size square matrices x such that xtJ4 + J4x = 0, where J4 is the anti-diagonal
matrix given by
J4 :=

0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0
 .
We make the standard choice that h is the set of diagonal matrices of g. Nilpotent
orbits of g = sp4 are parametrized by the partitions of 4 such that the number of
parts of each odd number is even (see, for instance, [14, Theorem 5.1.3]). Thus
there are four nilpotent orbits in g = sp4 corresponding to the following partitions:
(4), (22), (2, 12), (14). They correspond, respectively, to the principal (or regular),
the subregular, the minimal and the zero nilpotent orbits of g, with respective
dimensions 8, 6, 4, 0.
Write Π = {α1, α2} a set of simple roots for the root system ∆ of (g, h) such that
α1 is a long root and α2 is short. Then ∆+ = {α1, α2, η, θ}, with η := α1 + α2 and
θ := α1 + 2α2 the highest positive root. The centralizer of e−η is four-dimensional
generated by e−η, e−α1 , e−θ, h2, where hi := α
∨
i ∈ (h
∗)∗ ∼= h, for i = 1, 2. Hence
f := e−η = fsubreg
belongs to the subregular nilpotent orbit of g. Setting e := eη and h := [e, f ] =
2h1+ h2 we get the sl2-triple (e, h, f) of g. The nilpotent element f is even and we
have:
g = g−1 ⊕ g0 ⊕ g1.
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Moreover, gf = gf−1 ⊕ g
f
0 , with g
f
−1 = Cf ⊕ Ce−α1 ⊕ Ceθ and g
f
0 = Ch2.
Remark 5.1. The smallest Levi subalgebra of sp4 containing f = e−η has semisimple
type A1 with basis h1, h2, e±η (it is the centralizer in sp4 of h2), and, hence, f has
Levi type since it is principal in it.
Using Theorem 4.2 and the computer program Mathematica (there is a Mathe-
matica package [34] which provides a computer program for the OPE calculations),
we obtain that the vertex algebraWk(g, f) is strongly generated by the fields J(z),
G±(z) and L(z), provided that k 6= −3, where:
J(z) = J{h2}(z) =
1
2
Jh2(z),
G+(z) = J{e−α1}(z) = Je−α1 (z) +
1
2
(: Jh1(z)Jeα2 : +(k + 2)∂Jeα2 (z)),
G−(z) = J{e−θ}(z) = Je−θ (z) +
1
2
(: Jh1(z)Je−α2 (z) : + : Jh2(z)Je−α2 (z) : +(k + 2)∂Je−α2 (z)),
L(z) = J{f}(z) =
1
(3 + k)
(−Jf (z) +
1
2
(: Jeα2 (z)Je−α2 (z) : + : Jh1(z)2 : + : Jh1(z)Jh2(z) :
+ (5 + 2k)∂Jh1(z))+ : J(z)2 : +(1 + k)∂J(z)).
These fields satisfy the following OPE’s :
J(z)J(w) ∼
(2 + k)
(z − w)2
,
J(z)G±(w) ∼±
1
(z − w)
G±(w),
L(z)L(w) ∼
ck
2(z − w)4
+
2
(z − w)2
L(w) +
1
(z − w)
∂L(w),
L(z)G±(w) ∼
2
(z − w)2
G±(w) +
1
(z − w)
∂G±(w),
L(z)J(w) ∼
1
(z − w)2
J(w) +
1
(z − w)
∂J(w),
G±(z)G±(w) ∼0,
G+(z)G−(w) ∼−
3(1 + k)(2 + k)2
(z − w)4
−
3(1 + k)(2 + k)
(z − w)3
J(w)
+
1
(z − w)2
(
(2 + k)(3 + k)L(w) − (3 + 2k) : J(w)2 : −
3(1 + k)(2 + k)
2
∂J(w)
)
+
1
(z − w)
(
(3 + k) : L(w)J(w) : +
(3 + k)(2 + k)
2
∂L(w)− : J(w)3 :
−(3 + 2k) : J(w)∂J(w) : −
(5 + 4k + k2)
2
∂2J(w)
)
,
where
ck := −
2(9 + 16k + 6k2)
3 + k
.
The field L(z) =
∑
n∈Z Lnz
−n−2 is a conformal vector of Wk(g, f) with central
charge ck. It gives J(z), G
+(z) and G−(z) the conformal weights 1, 2 and 2,
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respectively. Following (2) we write
J(z) =
∑
n∈Z
Jnz
−n−1, G±(z) =
∑
n∈Z
G±n z
−n−2, L(z) =
∑
n∈Z
Lnz
−n−2.
The monomials
Jn1 . . . JnjLm1 . . . LmtG
−
p1 . . .G
−
pgG
+q1 . . . G
+
qh
|0〉,
with n1 6 . . . 6 nj 6 −1, m1 6 . . .mt 6 −2, p1 6 . . . 6 pg 6 −2 and q1 6 . . . 6
qh 6 −2, form a PBW basis of the vertex algebra W
k(g, f).
From the OPEs, we deduce the commutation relations for all m,n ∈ Z:
[Jm, Jn] =(2 + k)mδm+n,0,
[Jm, G
±
n ] =±G
±
m+n,
[Lm, Ln] =
ck
12
(m3 −m)δn+m,0 + (m− n)Lm+n,
[Lm, G
±
n ] =(m− n)G
±
m+n,
[Lm, Jn] =− nJm+n,
[G+m, G
−
n ] =−
(1 + k)(2 + k)2
2
(m3 −m)δm+n,0 +
(2 + k)(3 + k)
2
(m− n)Lm+n
+
(
3(1 + k)(2 + k)
2
(m+ 1)(n+ 1)−
(5 + 4k + k2)
2
(m+ n+ 1)(m+ n+ 2)
)
Jm+n
− (3 + 2k)(m+ 1)(J2)m+n + (3 + k)(LJ)m+n − (J
3)m+n − (3 + 2k)(J∂J)m+n,
where∑
n∈Z
(J2)nz
−n−2 def=: J(z)2 : ,
∑
n∈Z
(LJ)nz
−n−3 def=: L(z)J(z) : ,
∑
n∈Z
(J∂J)nz
−n−3 def=: J(z)∂J(z) : .
6. The twist ψ-action over simple Wk(sp4, fsubreg)-modules
We continue to assume that g = sp4 and f = fsubreg = e−η and we keep the
notation of the previous section. We assume for the moment that k is any non-
critical level for g, that is, k 6= −3.
LetM be an irreducible positive energy representation ofWk(g, f), withMtop =
Mχ, χ ∈ C (see Sect. 2). Using the commutation relations of Sect. 5, we notice
that the submodule N of M generated by all J0-eigenvectors of M is stable by
Ln, G
±
n , Jn, n ∈ Z. Hence, N =M because M is simple.
Lemma 6.1. Let M be an irreducible positive energy representation of Wk(g, f),
with Mtop = Mχ, χ ∈ C. Suppose that Mtop is finite dimensional. Then, there is
a vector v ∈ M such that L0v = χv, J0v = ξv for some ξ ∈ C, and such that the
below relations hold:
Jnv = 0 for n > 0,
Lnv = 0 for n > 0,
G+n v = 0 for n > 0,
G−n v = 0 for n > 0.
Moreover, M =
⊕
(a,d)∈C2
d∈χ+Z>0
Ma,d, where Ma,d = {m ∈ M : J0m = am, L0m = dm},
dimMξ,χ = 1 and Mtop =Mχ is spanned by the vectors (G
+
0 )
iv for i > 0.
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Proof. Since J0 and L0 commute, the action of J0 preserve each Mn, n ∈ Z>0.
Moreover J0 is semisimple over M and each Mn, then M can be written as
M =
⊕
(a,d)∈C2
d∈χ+Z>0
Ma,d.
As Mtop is finite dimensional, there is an vector v ∈ Mtop such that J0v = ξv,
ξ ∈ C and ξ − n is not an eigenvalue of J0 in Mtop for all n ∈ Z>0. The relations
of the lemma result from the following equations. Let n ∈ Z,
J0Jnv = ξJnv, L0Jnv = (χ− n)Jnv,
J0Lnv = ξLnv, L0Lnv = (χ− n)Lnv,
J0G
±
n v = (ξ ± 1)G
±
n v, L0G
±
n v = (χ− n)G
±
n v.
We explain the relation G−n v = 0, n > 0, the others are obtained similarly. SinceM
is a positive energy representation ofWk(g, f), for n > 0, χ−n is not an eigenvalue
of L0 and G
−
n v = 0. Besides, G
−
0 v ∈ Mtop and the choice of v implies that ξ − 1
is not a eigenvalue of J0 in Mtop. Hence G
−
0 v = 0. The vectors (G
+
0 )
iv, i > 0, are
the only ones attached to the eigenvalue χ for L0 and J0(G
+
0 )
iv = (ξ + i)G+0 v for
i > 0. As a consequence they span Mtop and Mξ,χ = Cv. 
For (ξ, χ) ∈ C2, let L(ξ, χ) be the irreducible representation of Wk(g, f) gen-
erated by a vector v = |ξ, χ〉 satisfying the relations of Lemma 6.1. According to
Lemma 6.1, |ξ, χ〉 is uniquely defined up to nonzero scalar, so the notation is legit-
imate. Zhu’s correspondence ensures that such L(ξ, χ) does exist and is unique up
to isomorphism of Wk(g, f)-modules (see, for example, [11]).
Since G−0 G
+
0 |ξ, χ〉 is in L(ξ, χ)χ,ξ, it is proportional to |ξ, χ〉, and we easily obtain
that
G−0 G
+
0 |ξ, χ〉 = g(ξ, χ)|ξ, χ〉,
where
g(ξ, χ) = −
1
2
ξ
(
2 + 3k + k2 − 2ξ2 + 6χ+ 2kχ
)
.
Hence for i > 1,
(4) G−0 (G
+
0 )
i|ξ, χ〉 = i hi(ξ, χ)(G
+
0 )
i−1|ξ, χ〉,
where
hi(ξ, χ) =
1
i
i−1∑
m=0
g(ξ +m,χ)
=
(2ξ + i− 1)
4
(−2− i+ i2 − 3k − k2 − 2ξ + 2iξ + 2ξ2 − 6χ− 2kχ).
Proposition 6.2. Suppose that L(ξ, χ)top is n-dimensional. Then hn(ξ, χ) = 0.
Proof. If dimL(ξ, χ)top = n then (G
+
0 )
n|ξ, χ〉 = 0 and (G+0 )
n−1|ξ, χ〉 6= 0. It results
from (4) that hn(ξ, χ) = 0. 
Following the ideas of [5], we introduce the twist-action ψ ([30]). Let define
∆(−J, z) := z−J0 exp
(
∞∑
m=1
(−1)m+1
−Jm
mzm
)
.
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For a ∈ Wk(g, f),
∆(−J, z)a = z−J0
(
∞∑
n=0
Xn
n!
a
)
,
where X =
∞∑
m=1
(−1)m+1−Jmkzm and z
−J0 is defined by z−J0a = z−ca if J0a = ca. Set
∑
n∈Z
ψ(a(n))z
−n−1 := Y (∆(−J, z)a, z) =
∞∑
n=0
Y (z−J0
Xn
n!
a, z).
For any Wk(g, f)-module M , the space ψ(M) denotes the Wk(g, f)-module ob-
tained by twisting the action ofWk(g, f) as a(n) 7! ψ(a(n)). The following relations
are obtained by applying the ψ-action to the generators of Wk(g, f):
ψ(Jn) = Jn − (2 + k)δn,0,
ψ(Ln) = Ln − Jn +
(2 + k)
2
δn,0,
ψ(G+n ) = G
+
n−1,
ψ(G−n ) = G
−
n+1.
Proposition 6.3. Assume that dimL(ξ, χ)top = i and dimψ(L(ξ, χ))top = j. Then
ψ2(L(ξ, χ)) ≃ L(ξ + i+ j − 6− 2k , χ− 2ξ − 2i− j + 7 + 2k).
Proof. For all m > 0 we have
ψ(J0)(G
+
0 )
m|ξ, χ〉 = (ξ +m− (2 + k))(G+0 )
m|ξ, χ〉,
ψ(L0)(G
+
0 )
m|ξ, χ〉 = (χ− (ξ +m) +
(2 + k)
2
)(G+0 )
m|ξ, χ〉.
Since the smallest eigenvalue associated with the ψ(L0)-action is attached to the
vector (G+0 )
i−1|ξ, χ〉, we get
ψ(L(ξ, χ)) ≃ L(ξ + (i− 1)− (2 + k) , χ− ξ − (i− 1) +
(2 + k)
2
)
and
ψ2(L(ξ, χ)) ≃ ψ(L(ξ + (i− 1)− (2 + k) , χ− ξ − (i− 1) +
(2 + k)
2
))
≃ L(ξ + (i− 1) + (j − 1)− 2(2 + k) , χ− 2ξ − 2(i− 1)− (j − 1) + 2(2 + k)).

Remark 6.4. For all m,n ∈ Z>0,
ψ2(J0)(G
+
−1)
m(G+0 )
n|ξ, χ〉 = (ξ + n+m− 2(2 + k))(G+−1)
m(G+0 )
n|ξ, χ〉,
ψ2(L0)(G
+
−1)
m(G+0 )
n|ξ, χ〉 = (χ− 2ξ − 2n−m+ 2(2 + k))(G+−1)
m(G+0 )
n|ξ, χ〉.
Proposition 6.5. Suppose that dimL(ξ, χ)top = i, dimψ(L(ξ, χ))top = j and
dimψ2(L(ξ, χ))top = l.
(a) If k = −3 + p/3 with (p, 3) = 1, p > 3 then (ξ, χ, l) = (ξ
(s)
i,j , χ
(s)
i,j , l
(s)
i,j ) with
s ∈ {1, 2, 3}, where
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ξ
(1)
i,j =
1− i
2
, χ
(1)
i,j =
13− 6i+ i2 − 12j + 2ij + 2j2 + 6k − 2ik − 4jk
4(3 + k)
,
l
(1)
i,j = 9− i− j + 3k,
ξ
(2)
i,j =
7− 2i− j + 2k
2
, χ
(2)
i,j =
31− 12i+ 2i2 − 12j + 2ij + j2 + 18k − 4ik − 4jk + 2k2
4(3 + k)
,
l
(2)
i,j = i,
ξ
(3)
i,j =
4− i− j + k
2
, χ
(3)
i,j =
4 + i2 − 6j + j2 − 2jk − k2
4(3 + k)
,
l
(3)
i,j = 9− i− j + 3k.
(b) If k = −3+ p/4 with (p, 2) = 1, p > 4 then (ξ, χ, l) = (ξ
(s′)
i,j , χ
(s′)
i,j , l
(s′)
i,j ) with
s ∈ {1, 2}, where
ξ
(1′)
i,j =
1− i
2
, χ
(1′)
i,j =
13− 6i+ i2 − 12j + 2ij + 2j2 + 6k − 2ik − 4jk
4(3 + k)
,
l
(1′)
i,j = 12− i− 2j + 4k,
ξ
(2′)
i,j =
7− 2i− j + 2k
2
, χ
(2′)
i,j =
31− 12i+ 2i2 − 12j + 2ij + j2 + 18k − 4ik − 4jk + 2k2
4(3 + k)
,
l
(2′)
i,j = i.
Proof. By solving the system of equations
hi(ξ, χ) = 0,
hj(ξ + (i− 1)− (2 + k), χ− ξ − (i− 1) +
(2 + k)
2
) = 0,
hl(ξ + (i− 1) + (j − 1)− 2(2 + k), χ− 2ξ − 2(i− 1)− (j − 1) + 2(2 + k)) = 0.
we find nine triples (ξ, χ, l) in term of i, j and k. Since l is the dimension of
ψ2(L(ξ, χ))top, it must be a positive integer. If k = −3 + p/3, with (p, 3) = 1,
p > 3, the three triples described in the first part of the proposition are the only
ones among the solutions of the system corresponding to this restrictive condition.
Similarly, if k = −3+ p/4, (p, 2) = 1, p > 4, we find that only two triples verify the
condition. 
Proposition 6.6. (a) Let k = −3+p/3 with (p, 3) = 1, p > 3 then (G+−2)
p−2|0〉
belongs to the maximal ideal of Wk(g, f).
(b) Let k = −3 + p/4 with (p, 2) = 1, p > 4 then (G+−2)
p−3|0〉 belongs to the
maximal ideal of Wk(g, f).
Proof. (a) For i = j = 1, we have l
(1)
1,1 = p − 2. Since ξ
(1)
1,1 = χ
(1)
1,1 = 0 and
L0|0〉 = J0|0〉 = 0 the correspondence |0〉 7! |ξ
(1)
1,1 , χ
(1)
1,1〉 yields the isomorphism
Wk(g, f) ≃ L(ξ
(1)
1,1 , χ
(1)
1,1).
Moreover ψ2(Wk(g, f))top is at most p− 2 dimensional because
hp−2(−2(2 + k), 2(2 + k)) = 0.
Hence (G+−2)
p−2|0〉 = ψ2((G+0 )
p−2)|0〉 = 0.
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(b) The argument is the same as in the previous case with l
(1′)
1,1 = p − 3 and
ξ
(1′)
1,1 = χ
(1′)
1,1 = 0. 
Assume that either k = −3 + p/3, with (p, 3) = 1, p > 3, or k = −3 + p/4, with
(p, 2) = 1, p > 4. Then k is admissible for g and by our choice of f = fsubreg, we
have f ∈ Oq, with q the denominator of k + 3. So by Proposition 4.1, the simple
quotient Wk(g, f) of W
k(g, f) is lisse. As a consequence, any simple Wk(g, f)-
module is positively graded with finite dimensional top degree component and so
is of the form L(ξ, χ) for some (ξ, χ) ∈ C2.
We are now in a position to state the main result of this section.
Proposition 6.7. Let M be a simple Wk(g, f)-module.
(a) If k = −3 + p/3 with (p, 3) = 1, p > 3, then the Wk(g, f)-module M is
isomorphic to L(ξ
(s)
i,j , χ
(s)
i,j ) for ξ
(s)
i,j and χ
(s)
i,j as in Proposition 6.5(a) with
1 6 i 6 p− 2, 1 6 j 6 p− i− 1 and s ∈ {1, 2, 3}.
(b) If k = −3 + p/4 with (p, 2) = 1, p > 4, then the Wk(g, f)-module M is
isomorphic to L(ξ
(s′)
i,j , χ
(s′)
i,j ) for ξ
(s′)
i,j and χ
(s′)
i,j as in Proposition 6.5(b) with
1 6 i 6 p − 3 and 1 6 j 6 (p − i − 1)/2 if s = 1 or 1 6 i 6 p − 3 and
1 6 j 6 p− 2i− 1 if s = 2.
Proof. (a) Since M is a simple Wk(g, f)-module, there exist ξ, χ ∈ C such that
M ∼= L(ξ, χ). By Proposition 6.6, G+(z)p−2 = 0. Hence
: G+(z)p−2 :
def
=
∑
n∈Z
((G+)p−2)nz
−n−2 = 0.
In particular (G+0 )
p−2|ξ, χ〉 = ((G+)p−2)0|ξ, χ〉 = 0. As a consequence L(ξ, χ)top is
at most (p − 2)-dimensional. By Proposition 6.5(a), since ψ2(L(ξ, χ)) is a simple
Wk(g, f)-module, there exist 1 6 i, j 6 p−2 and s ∈ {1, 2, 3} such that ξ = ξ
(s)
i,j and
χ = χ
(s)
i,j . In the same way, ψ
4(L(ξ, χ)) is a simple Wk(g, f)-module and there are
1 6 l,m 6 p−2 and r ∈ {1, 2, 3} such that ψ2(ξ) := ξ+(i−1)+(j−1)−2(2+k) =
ξ
(r)
l,m and ψ
2(χ) := χ − 2ξ − 2(i − 1) − (j − 1) + 2(2 + k) = χ
(r)
l,m. The ψ
2-action
permutes the three forms of the eigenvalues ξ and χ:
ψ2(L(ξ
(1)
i,j , χ
(1)
i,j )) ≃ L(ξ
(2)
p−i−j,i, χ
(2)
p−i−j,i),
ψ2(L(ξ
(2)
i,j , χ
(2)
i,j )) ≃ L(ξ
(3)
i,p−i−j , χ
(3)
i,p−i−j),
ψ2(L(ξ
(3)
i,j , χ
(3)
i,j )) ≃ L(ξ
(1)
p−i−j,j , χ
(1)
p−i−j,j).
The condition j 6 p− i− 1 comes from 1 6 l,m 6 p− 2.
(b) The argument is quite similar. By Proposition 6.5(b), G+(z)p−3 = 0 and
L(ξ, χ)top is at most (p−3)-dimensional. Moreover since ψ
2(L(ξ, χ)) and ψ4(L(ξ, χ))
are simple Wk(g, f)-modules, ξ = ξ
(s′)
i,j , χ = χ
(s′)
i,j , ψ
2(ξ) = ξ
(r′)
l,m and ψ
2(χ) = χ
(r′)
l,m
with 1 6 i, j, l,m 6 p − 3, r, s ∈ {1, 2}. On the contrary of the first case, the
ψ2-action preserves the form of the eigenvalues ξ and χ:
ψ2(L(ξ
(1′)
i,j , χ
(1′)
i,j )) ≃ L(ξ
(1′)
p−i−2j,j , χ
(1′)
p−i−2j,j),
ψ2(L(ξ
(2′)
i,j , χ
(2′)
i,j )) ≃ L(ξ
(2′)
i,p−2i−j , χ
(2′)
i,p−2i−j).
If s = 1 then the condition p− i− 2j > 1 implies j 6 p−i−12 , and if s = 2, with the
same argument we get j 6 p− 2i− 1. 
16 JUSTINE FASQUEL
Remark 6.8. The simple Wk(g, f)-modules L(ξ
(s)
i,j , χ
(s)
i,j ) of the Proposition 6.7 are
all mutually non-isomorphic since their highest weights are distinct.
Remark 6.9. For k = −3 + p/3, with (p, 3) = 1, p > 3, or k = −3 + p/4, with
(p, 2) = 1, p > 4, the application ψ is a bijection of the set of the simple Wk(g, f)-
modules L(ξ
(s)
i,j , χ
(s)
i,j ) described in the Proposition 6.7 over itself of inverse ψ
5 if k is
principal admissible, and ψ3 otherwise. We describe below the L(ξ
(s)
i,j , χ
(s)
i,j ) orbits
under the ψ-action:
• if k = 3 + p/3 with (p, 3) = 1, p > 3 then
L(ξ
(1)
i,j , χ
(1)
i,j )
ψ
! L(ξ
(3)
j,p−i−j , χ
(3)
j,p−i−j)
ψ
! L(ξ
(2)
p−i−j,i, χ
(2)
p−i−j,i)
ψ
! L(ξ
(1)
i,p−i−j , χ
(1)
i,p−i−j)
ψ
! L(ξ
(3)
p−i−j,j , χ
(3)
p−i−j,j)
ψ
! L(ξ
(2)
j,i , χ
(2)
j,i ))
ψ
! L(ξ
(1)
i,j , χ
(1)
i,j ).
• if k = 3 + p/4 with (p, 2) = 1, p > 4 then
L(ξ
(1′)
i,j , χ
(1′)
i,j )
ψ
! L(ξ
(2′)
j,p−i−2j , χ
(2′)
j,p−i−2j)
ψ
! L(ξ
(1′)
p−i−2j,j , χ
(1′)
p−i−2j,j)
ψ
! L(ξ
(2′)
j,i , χ
(2′)
j,i )
ψ
! L(ξ
(1′)
i,j , χ
(1′)
i,j ).
7. Proof of the Main Theorem
The section is devoted to the proof of the Main Theorem. As explained in the
introduction, the last step uses results and technics from [9].
For the moment, g is any simple Lie algebra and f is a nilpotent element of g.
Let
P0,+ := {λ ∈ h
∗ : 〈λ, α∨〉 ∈ Z>0 for all α ∈ ∆0,+},
where ∆0,+ := ∆0∩∆+ with ∆0 the root system of (g0, h). Note that P0,+ contains
the set
P+ = {λ ∈ h
∗ : 〈λ, α∨〉 ∈ Z>0 for all α ∈ ∆+}.
Let U(g) be the enveloping algebra of g and H0f (?) the functor from the category
of Harish-Chandra U(g)-bimodules to the category of bimodules over the finite W-
algebra U(g, f) (see [32]), which is the Zhu algebra of Wk(g, f) [15]. By abuse of
notation we use the same notation as for the functor in Sect. 4. We refer to [9] for
more about this topic.
Write Jλ ⊂ U(g) for the annihilating ideal of the irreducible g-module L(λ) with
highest weight λ ∈ h∗. The quotient H0f (U(g)/Jλ) is a quotient algebra of the finite
W -algebra U(g, f) = H0f (U(g)).
Theorem 7.1 ([9, Theorem 7.8]). Let k = −h∨ + p/q be an admissible number
for g and pick f ∈ Oq. Let λ ∈ P0,+ be such that λ̂ = λ + kΛ0 ∈ Pr
k. Then
H0f (U(g)/Jλ− pq x0) has a unique simple module, denoted by EJλ− p
q
x0
, and
H0f (L̂k(λ)) ≃ L(EJλ− p
q
x0
),
where L(EJ
λ−
p
q
x0
) is the irreducible Ramond twisted Wk(g, f)-module attached to
EJ
λ−
p
q
x0
(see [29, 3]) and L̂k(λ) is the simple ĝ-module with highest weight λ̂. In
particular,
Wk(g, f) ≃ H
0
f (Vk(g)) ≃ L(EJ− p
q
x0
).
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Assume now, as in the previous sections, that g = sp4 and f = fsubreg = e−η.
Here ∆0,+ = {α2}, whence
P0,+ = {λ ∈ h
∗ : 〈λ, α∨2 〉 ∈ Z>0} = C̟1 + Z>0̟2,
and
P+ = Z̟1 + Z̟2.
According Proposition 6.7 if M is a simple Wk(g, f)-module, where k = −3 + p/3,
with (p, 3) = 1, p > 3, or k = −3+p/4, with (p, 2) = 1, p > 4, then it is isomorphic
to L(ξ
(s)
i,j , χ
(s)
i,j ) with ξ
(s)
i,j and χ
(s)
i,j as described in the Proposition 6.6.
Proposition 7.2. Let k, ξ
(s)
i,j and χ
(s)
i,j be as in Proposition 6.6 then L(ξ
(s)
i,j , χ
(s)
i,j ) is
a simple Wk(g, f)-module.
Proof. The argument depends on whether k is principal admissible of coprincipal
admissible, but it is very similar in both cases. We only detail the case k = −3+p/3,
with (p, 3) = 1, p > 3. For 1 6 i 6 p − 2 and 1 6 j 6 p − i − 1, set λi,j =
(j − 1)̟1 + (i− 1)̟2. We check that λi,j ∈ P+ ∩ Pr
k. By Theorem 7.1,
H0f (L̂k(λi,j)) ≃ L(EJλi,j− p3 x0
) ≃ H0f,−(L̂k(λi,j −
p
3
x0)),
where x0 =
h
2 = ̟1 and H
•
f,−(?) is the “−” variant of the quantized Drinfeld-
Sokolov reduction functor H•f defined in Sect. 4 (see [3, 9] for a construction). The
lowest L0-eigenvalue hλi,j− p3x0 is the conformal dimension of L(EJλi,j− p3 x0
) given
by [9, (7.4)]:
hλi,j− p3x0 =
(λ|λ + 2ρ)
2(k + h∨)
−
k + h∨
2
|x|2 + (x|ρ)
=
−15 + 3i2 + 6ij + 6j2 + 6p− 2ip− 4jp
4p
= χ
(1)
i,j .
Besides, using [3, (70)] the lowest J0-eigenvalue of H
0
f,−(L̂k(λi,j)) is
(λi,j −
p
3
x0| −
α∨2
2
) =
1− i
2
= ξ
(1)
i,j ,
since J(z) = Jα2(z) and ŵ0 t̂−x0J
R
α2 = −Jα2 . In conclusion
(5) L(EJ
λi,j−
p
3
x0
) ≃ L(ξ
(1)
i,j , χ
(1)
i,j ).
In this way L(ξ
(1)
i,j , χ
(1)
i,j ) is a simple Wk(g, f)-module for all 1 6 i 6 p − 2 and
1 6 j 6 p − i− 1. If s = 2 or 3, using the ψ-action on the module L(ξ
(s)
i,j , χ
(s)
i,j ) it
always comes down to a module L(ξ
(1)
i′,j′ , χ
(1)
i′,j′). As a consequence L(ξ
(s)
i,j , χ
(s)
i,j ) is a
simple module of Wk(g, f), too. 
Lemma 7.3. Suppose that there is a nontrivial extension of Wk(g, f)-modules,
0 −! L(ξ, χ)
ι
−!M
π
−! L(ξ′, χ′) −! 0.
Then L0 acts locally finitely on M .
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Proof. Suppose there is a nontrivial extension
(6) 0 −! L(ξ, χ)
ι
−!M
π
−! L(ξ′, χ′) −! 0.
Since Wk(g, f) is lisse, L := L(ξ, χ) and L
′ := L(ξ′, χ′) are L0-diagonalizable
and the L0-eigenspaces are finite dimensional.
Let m ∈ M . Since π(m) ∈ L′ there exist w1, . . . , ws ∈ L
′ and µ1, . . . , µs ∈ C
such that L0wj = µjwj for all 1 6 j 6 s and
∏s
j=1(L0 − µj Id)π(m) = 0. Then
π(
s∏
j=1
(L0 − µj Id)m) = 0.
As a consequence
∏s
j=1(L0 − µj Id)m ∈ im ι. Let m1 ∈ L such that ι(m1) =∏s
j=1(L0 − µj Id)m. As before, there are v1, . . . , vr ∈ L and ν1, . . . , νr ∈ C such
that
∏r
i=1(L0 − νi Id)m1 = 0. Then
ι(
r∏
i=1
(L0− νi Id)m1) = 0 =
r∏
i=1
(L0− νi Id)ι(m1) =
r∏
i=1
(L0− νi Id)
s∏
j=1
(L0−µj Id)m.
Hence m belongs to some L0-stable finite dimensional vector subspace of
r⊕
i=1
ker(L0 − νi Id)⊕
s⊕
j=1
ker(L0 − µj Id).

Lemma 7.4. If there exists a nontrivial extension of Wk(g, f)-modules
0 −! L(ξ, χ) −!M −! L(ξ′, χ′) −! 0
then χ and χ′ coincide modulo Z.
Proof. Suppose that there is a nontrivial extension
0 −! L(ξ, χ) −!M −! L(ξ′, χ′) −! 0.
Set as in the previous proof, L := L(ξ, χ) and L′ := L(ξ′, χ′). For d ∈ C, let
Md be the generalized L0-eigenspace of M attached to the eigenvalue d. Set
M [d] :=
⊕
d′∈d+ZMd′ . It is aWk(g, f)-submodule ofM . ThenM =
⊕
d∈C,
06Re(d)<1
M [d]
is a direct sum decomposition of the Wk(g, f)-modules of M . For any d, the previ-
ous decomposition induces the following exact sequence
(7) 0 −! L[d] −!M [d] −! L′[d] −! 0.
Assume χ − χ′ /∈ Z. Since L[d] = 0 if d − χ /∈ Z, and L[d′] = 0 if d′ − χ′ /∈ Z, we
get that M =M [χ]⊕M [χ′]. Taking d = χ and d = χ′ in (7) we get
0 −! L[χ] −!M [χ] −! 0,
0 −!M [χ′] −! L′[χ′] −! 0.
Finally M = L[χ] ⊕ L′[χ′] = L ⊕ L′ since L and L′ are simple modules. So the
sequence 0! L!M ! L′ ! 0 splits, whence a contradiction. 
Proposition 7.5. Suppose that either k = −3 + p/3 with (p, 3) = 1, p > 3, or
k = −3+p/4 with (p, 2) = 1, p > 4. Let Wk(g, f)-Mod be the category of Wk(g, f)-
modules. Then
Ext1Wk(g,f)-Mod(L(ξ
(s)
i,j , χ
(s)
i,j ), L(ξ
(s′)
i′,j′ , χ
(s′)
i′,j′)) = 0,
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where ξ
(s)
i,j and χ
(s)
i,j are described in the Proposition 6.7.
Proof. Assume k = −3 + p/3 with (p, 3) = 1, p > 3. The argument for the
coprincipal case is the same. It clearly appears that for all 1 6 i, i′ 6 p − 2,
1 6 j 6 p− i−1 and 1 6 j′ 6 p− i′−1, the differences χ
(2)
i,j −χ
(1)
i′,j′ and χ
(3)
i,j −χ
(1)
i′,j′
are not integers. According to Lemma 7.4, any extension
0 −! L(ξ
(s)
i,j , χ
(s)
i,j ) −!M −! L(ξ
(s′)
i′,j′ , χ
(s′)
i′,j′) −! 0,
where exactly one of χ
(s)
i,j and χ
(s′)
i′,j′ is with the first form is trivial. Applying ψ we
deduce that if s 6= s′ then
Ext1Wk(g,f)-Mod(L(ξ
(s)
i,j , χ
(s)
i,j ), L(ξ
(s′)
i′,j′ , χ
(s′)
i′,j′)) = 0.
Suppose that s = s′. Using the ψ-action we can suppose that s = s′ = 1. According
to (5), sinceWk(g, f) is lisse, it suffices to show that there is not nontrivial extension
(8) 0 −! L(EJ
λi,j−
p
3
x0
)
ι
−!M
π
−! L(EJ
λ
i′,j′
−
p
3
x0
) −! 0.
Set Li,j := L(EJ
λi,j−
p
3
x0
) and Li′,j′ := L(EJ
λ
i′,j′
−
p
3
x0
). If χ
(1)
i,j = χ
(1)
i′,j′ , since the
Zhu algebra Zhu(Wk(g, f)) is semisimple, the sequence
(9) 0 −! (Li,j)top −!Mtop −! (Li′,j′)top −! 0.
of Zhu(Wk(g, f))-modules is split. Applying the Zhu induction functor we get (8)
splits.
Let suppose χ
(1)
i,j > χ
(1)
i′,j′ . The module L(EJλ
i′,j′
−
p
3
x0
) is the unique simple
quotient of the Verma module
Mi′,j′ =M(EJ
λ
i′,j′
−
p
3
x0
) := U(Wk(g, f))⊗U(Wk(g,f))>0 EJλ
i′,j′
−
p
3
x0
.
Let v+ be a primitive vector of Mi′,j′ and v ∈M be such that π(v) is the image of
v+ in Li′,j′ . We have π((L0 − χ
(1)
i′,j′ Id)v) = (L0 − χ
(1)
i′,j′ Id)π(v) = 0. Hence (L0 −
χ
(1)
i′,j′ Id)v ∈ im ι. Since im ι ≃ Li,j and χ
(1)
i,j > χ
(1)
i′,j′ , (L0−χ
(1)
i′,j′ Id)v 6= 0. As a con-
sequence, it exists an injective Wk(g, f)-modules homomorphism f :Mi′,j′ !M
such that the diagram commutes:
Mi′,j′
M Li′,j′
f
Let us suppose that the sequence (8) does not split. The module f(Mi′,j′ ) is a
submodule of M . As a consequence, since Li,j ≃ ι(Li,j) is simple, either ι(Li,j) ⊂
f(Mi′,j′) or ι(Li,j)⊕ f(Mi′,j′). However if ι(Li,j)⊕ f(Mi′,j′) then the sequence
0 −! Li,j −! ι(Li,j)⊕ f(Mi′,j′) −! Li′,j′ −! 0
splits contradicting the fact that the sequence (8) does not split. Hence ι(Li,j) ⊂
f(Mi′,j′). Let m ∈ M . Since π is surjective it exists m1 ∈ Mi′,j′ such that
π(m) = π ◦ f(m1). Thus m − f(m1) ∈ kerπ. We get m ∈ ι(Li,j) ⊂ f(Mi′,j′).
Therefore f is surjective. It implies that M is isomorphic to Mi′,j′ as W
k(g, f)-
modules. Hence [Mi′,j′ : Li,j ] 6= 0. By [9, Theorem 7.6] this happens only if it exists
µ ∈ P0,+ such that [M̂k(λi′,j′ −
p
3x0) : L̂k(µ−
p
3x0)] 6= 0, where M̂k(λi′,j′ −
p
3x0) is
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the Verma module of g with highest weight λ̂i′,j′ −
p
3x0, and EJλi,j− p3 x0
is a direct
summand of HLie0 (L(µ−
p
3x0))
4.
This first condition implies that µ ∈W ◦ λi′,j′ and we get λi,j ∈ W ◦ µ from the
second one. Hence λi,j ∈ W ◦ λi′,j′ . Since λ̂i,j and λ̂i′,j′ are both dominant they
are equal, and λi,j = λi′,j′ contradicting χ
(1)
i,j > χ
(1)
i′,j′ .
Finally if χ
(1)
i,j < χ
(1)
i′,j′ by applying the duality functor to (8) we are back to the
previous case χ
(1)
i,j > χ
(1)
i′,j′ . 
Example 7.6. Let k = − 53 . There exist nine simple W− 53 (g, f)-modules. We de-
scribe below the two orbits under the action of ψ:
W− 53 (g, f)
ψ
! L
(
−
1
3
,
1
6
)
ψ
! L
(
−
2
3
,
2
3
)
ψ
! L
(
0,
1
2
)
ψ
!
L
(
−
1
3
,
2
3
)
ψ
! L
(
1
3
,
1
6
)
ψ
!W− 53 (g, f),
L
(
−
1
2
,
7
16
)
ψ
! L
(
1
6
,
5
48
)
ψ
! L
(
−
1
6
,
5
48
)
ψ
! L
(
−
1
2
,
7
16
)
.
A vertex algebra V is said to be positive [9] if every irreducible V -modules besides
V itself has positive conformal dimension. In our setting, Wk(g, f) is positive if
χ
(s)
i,j > 0 for all s, i, j as in Proposition 6.7, and k, g, f as in this proposition. We
observe the vertex algebras W− 53 (g, f), W−
4
3
(g, f), W− 74 (g, f) and W−
5
4
(g, f) are
positive.
If V is unitary ([16, Sect. 2]) then it is unitary as a module of the Virasoro
subalgebra generated by the conformal vector as well. This forces the conformal
dimension to be nonnegative. In particular, it is a positive vertex algebra. We
expect the following result:
Conjecture 7.7. At level k ∈ {− 53 ,−
4
3 ,−
7
4 ,−
5
4}, the vertex algebraWk(sp4, fsubreg)
is unitary.
Remark 7.8. For the other admissible levels as in the Main Theorem, which means
for k = −3 + p/3 with (p, 3) = 1 and p > 6, or k = −3 + p/4 with (p, 2) = 1 and
p > 8, the vertex algebra Wk(sp4, fsubreg) is not positive because χ
(1)
1,2 = −1 +
6
p
and χ
(1′)
1,2 = −1 +
8
p .
References
[1] Toshiyuki Abe, Geoffrey Buhl, and Chongying Dong. Rationality, regularity, and C2-
cofiniteness. Trans. Amer. Math. Soc., 356(8):3391–3402 (electronic), 2004.
[2] Tomoyuki Arakawa. Representation theory of superconformal algebras and the Kac-Roan-
Wakimoto conjecture. Duke Math. J., 130(3):435–478, 2005.
[3] Tomoyuki Arakawa. Representation theory of W -algebras, II. In Exploring new structures
and natural constructions in mathematical physics, volume 61 of Adv. Stud. Pure Math.,
pages 51–90. Math. Soc. Japan, Tokyo, 2011.
[4] Tomoyuki Arakawa. A remark on the C2 cofiniteness condition on vertex algebras. Math.
Z., 270(1-2):559–575, 2012.
4The functor M 7! HLie
0
(M) defines a correspondence between a subcategory of the category
O of g-modules and the category of the finite dimensional representations of U(g, f), see [3, Sect. 5]
for a precise definition.
RATIONALITY OF THE EXCEPTIONAL W-ALGEBRAS Wk(sp4, fsubreg) 21
[5] Tomoyuki Arakawa. Rationality of Bershadsky-Polyakov vertex algebras. Comm. in
Math. Phys., 323(2):627–633, 2013.
[6] Tomoyuki Arakawa. Associated varieties of modules over Kac-Moody algebras and C2-
cofiniteness of W-algebras. Int. Math. Res. Not., 2015:11605–11666, 2015.
[7] Tomoyuki Arakawa. Rationality of W-algebras: principal nilpotent cases. Ann. Math.,
182(2):565–694, 2015.
[8] Tomoyuki Arakawa. Chiral algebras of class S and Moore-Tachikawa symplectic varieties.
preprint. arXiv:1811.01577[math.RT].
[9] Tomoyuki Arakawa and Jethro van Ekeren. Rationality and fusion rules of exceptional
W-algebras. arXiv:1905.11473 [math.RT].
[10] Tomoyuki Arakawa and Edward Frenkel. Quantum Langlands duality of representations
of W-algebras. Compos. Math. 155(12), 2235–2262, 2019.
[11] Tomoyuki Arakawa and Anne Moreau. Arc spaces and vertex algebras. CEMPI, lectures
series, Springer, in preparation.
[12] Christopher Beem, Madalena Lemos, Pedro Liendo, Wolfger Peelaers, Leonardo Rastelli,
and Balt C. van Rees. Infinite chiral symmetry in four dimensions. Comm. Math. Phys.,
336(3):1359–1433, 2015.
[13] Christopher Beem, Wolfger Peelaers, Leonardo Rastelli, and Balt C. van Rees. Chiral
algebras of class S. J. High Energy Phys., (5):020, front matter+67, 2015.
[14] David Collingwood and William M. McGovern. Nilpotent orbits in semisimple Lie alge-
bras. Van Nostrand Reinhold Co. New York, 65, 1993.
[15] Alberto De Sole and Victor G. Kac. Finite vs affine W -algebras. Japan. J. Math.,
1(1):137–261, 2006.
[16] Chongying Dong and Xingjun Lin. Unitary Vertex Operator Algebras J. of Alg., 397:252–
277, 2014
[17] Chongying Dong, Haisheng Li and Geoffrey Mason. Twisted representations of vertex
operator algebras. Math. Ann., 310(3):571–600, 1998.
[18] A. G. Elashvili, V. G. Kac, and E. B. Vinberg. On exceptional nilpotents in semisimple
Lie algebras. J. Lie Theory, 19(2):371–390, 2009.
[19] Boris Feigin and Edward Frenkel. Quantization of the Drinfel′d-Sokolov reduction. Phys.
Lett. B, 246(1-2):75–81, 1990.
[20] Edward Frenkel. Langlands correspondence for loop groups, volume 103 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2007.
[21] Edward Frenkel, Victor Kac, and Minoru Wakimoto. Characters and fusion rules for W -
algebras via quantised Drinfel′d-Sokolov reduction. Comm. Math. Phys., 147(2):295–328,
1992.
[22] Igor B. Frenkel and Yongchang Zhu. Vertex operator algebras associated to representa-
tions of affine and Virasoro algebras. Duke Math. J., 66(1):123–168, 1992.
[23] Dennis Gaitsgory. Quantum Langlands correspondence. preprint. arXiv:1601.05279
[math.AG].
[24] Victor Kac. Introduction to vertex algebras, poisson vertex algebras, and integrable
Hamiltonian PDE. In Caselli F. De Concini C. De Sole A. Callegaro F., Carnovale G.,
editor, Perspectives in Lie Theory, volume 19 of Springer INdAM Series 19, pages 3–72.
Springer, 2017.
[25] Victor Kac. Infinite-dimensional Lie algebras. Third edition. Cambridge University Press,
Cambridge, 1990.
[26] Victor Kac, Shi-Shyr Roan, and Minoru Wakimoto. Quantum reduction for affine super-
algebras. Comm. Math. Phys., 241(2-3):307–342, 2003.
[27] Victor Kac and Minoru Wakimoto. Classification of modular invariant representations
of affine algebras. In Infinite-dimensional Lie algebras and groups (Luminy-Marseille,
1988), volume 7 of Adv. Ser. Math. Phys., pages 138–177. World Sci. Publ., Teaneck, NJ,
1989.
[28] Victor Kac and Minoru Wakimoto. Quantum reduction and representation theory of
superconformal algebras. Adv. Math. 185(2):400–458, 2004.
[29] Victor Kac and Minoru Wakimoto. On rationality of W -algebras. Transform. Groups,
13(3-4):671–713, 2008.
[30] Haisheng Li. The physics superselection principle in vertex operator algebra theory. J. of
Alg. 196(2), 436–457, 1997.
22 JUSTINE FASQUEL
[31] Robert V. Moody and Arturo Pianzola. Lie algebras with triangular decompositions.
Canadian Mathematical Society Series of Monographs and Advanced Texts. A Wiley-
Interscience Publication. John Wiley & Sons, Inc., New York, 1995.
[32] Alexander Premet. Special transverse slices and their enveloping algebras. Adv. Math.,
170(1):1–55, 2002. With an appendix by Serge Skryabin.
[33] Jaewon Song, Dan Xie, and Wenbin Yan. Vertex operator algebras of Argyres-Douglas
theories from M5-branes. J. High Energy Phys., (12):123, front matter+35, 2017.
[34] Krivono Thielemans. A Mathematica package for computing operator product expan-
sions. Internat. J. Modern Phys. C 2(3):787–798, 1991.
[35] Weiqiang Wang. Rationality of Virasoro vertex operator algebras. Duke Math. J., IMRN
7, 197-211, 1993.
[36] Yongchang Zhu. Modular invariance of characters of vertex operator algebras. J. Amer.
Math. Soc., 9(1):237–302, 1996.
Univ. Lille, CNRS, UMR 8524 - Laboratoire Paul Painleve, F-59000 Lille, France
E-mail address: justine.fasquel@univ-lille.fr
